This note has two main goals: the first is to offer an answer to a question several authors ([Moo99] and [GGK12], for instance) have raised, that of describing which (connected, reductive) algebraic groups over Q can arise as Mumford-Tate groups of polarizable Hodge structures. The study [GGK12] made much progress on this question, answering it for simple Q-groups of adjoint type and all absolutely simple Q-groups. We will simplify their arguments in a way that allows for a uniform treatment of the general case.
1. The classification 1.1. Setup and statement of the theorem. A useful reference for the basic notions described here is [Moo99] . Recall that a real Hodge structure is a representation h : S → GL(V R ) of the Deligne torus S = Res C/R (G m ). A rational Hodge structure (abbreviated "Q-HS") is a Q-vector space V along with a real Hodge structure on V R = V ⊗ Q R such that the (weight) homomorphism w h = h| G m,R is defined over Q. V is pure of weight n if w h (r) = r n · id V . 2 Much more fundamental in algebraic geometry is the class of polarizable Hodge structures: a Q-Hodge structure V of weight n is polarizable (or sometimes 'h(ı)-polarizable') if there exists a morphism of Q-HS Q : V ⊗ V → Q(−n) with the critical positivity property that, on V R ⊗ V R , the pairing
Q(v, h(ı)w)
is symmetric and positive-definite. Define the category QHS pol of (not necessarily pure) polarizable Q-HS to have objects given by direct sums of pure polarizable Q-HS's, and to have morphisms Date: 7 February, 2013 . 1 This note may be seen as providing the Hodge-theoretic counterpart to the Galois-theoretic and automorphic evidence for a 'generalized Kuga-Satake theory' presented in [Pat12] . 2 This is the sign convention of [GGK12] . The opposite convention is often used, especially in the theory of Shimura varieties.
simply given by morphisms of Q-HS's. With this definition, a basic observation is that QHS pol is a semi-simple (Q-linear) Tannakian category. We let H denote its Tannakian group, so that H is a connected pro-reductive group over Q. There is a canonical (weight) homomorphism w : G m,Q → H; it maps to the center of H.
A Mumford-Tate group-for the purposes of this note, this will always mean Mumford-Tate group of a polarizable Q-HS-is simply any algebraic quotient of H. More concretely, the MumfordTate group of a Q-HS V is the Q-Zariski closure of the image of h : S → GL(V R ) (see, eg, Key Property 1.5 of [Moo99] ). We want to describe which (connected, reductive) Q-groups arise in this way. Having articulated the main problem, to address it we must introduce certain other basic objects.
It is natural to study H in three steps:
(1) Understand its center, or the center's neutral component C, along with the (pro-)isogeny C → S onto the maximal abelian quotient S (the 'Serre group') of H. It is this third step that we have not satisfactorily achieved. The first step is the classical theory of Hodge structures with complex multiplication. The second, for our purposes, amounts to the analogue of Serre's question ([Ser94, 8 .1]) mentioned in the introduction, along with the description, due to Griffiths, Green, and Kerr ( [GGK12] ) in the Q-simple case, of which adjoint groups are realizable as Mumford-Tate groups. We will elaborate later on the background, but for now let us state the main result. To save breath, from now on we will simply say a group 'is a M-T group' if it is the Mumford-Tate group of an object of QHS pol . Some simple consequences of polarizability allow us to restrict the class of groups considered: Notation 1.1.1. Let M be a connected reductive group over Q. We enshrine the following notation:
• M denotes the derived group of M, and M ad its adjoint group; • m is the Lie algebra of M;
• If M is the Mumford-Tate group of a Q-HS (V, h), then (by definition) w = w h is defined over Q, and this easily implies it is central in M; if V is polarizable, then (Remark 1.18 of [Moo99] ) Z M /w(G m ) is compact over R, and we define a Q-group M ′ to be the connected normal complement to w(G m ) in M: it descends M ′ R , the subgroup generated by M R and the maximal compact sub-torus of Z M (R).
There is another obviously necessary condition to be a M-T group; this is the trivial reductive variant of IV.A.2 of [GGK12] :
Proof. We may assume V is pure, so that there is a polarizing form Q and a faithful representation ρ : M ֒→ G(V, Q), where G(V, Q) denotes the similitude group for the pairing Q (similarly, we will denote by U(V, Q) the automorphism group of the pairing). Now consider a maximal torus T
, which is a closed subgroup of the isotropy group-necessarily compact-of h|
Notation 1.1.3. From now on, M will denote a connected reductive group over Q satisfying the hypotheses:
• There exists a central homomorphism w :
R contains a compact maximal torus; we will typically denote one by T ad R , with T ad denoting the base-change to C.
Griffiths, Green, and Kerr have described which h :
R can lead to polarized Hodge structures on the semisimple Lie algebra m. We will refer to (a slight variant-see Remark 1.1.5-of) the set of such h as the 'polarizable congruence classes' of co-characters in X • (T ad ), 4 which we now describe. Let θ be a Cartan involution of m R (recall that all such θ are M ad (R)-conjugate), yielding a Cartan decomposition m R = k R ⊕ p R into θ = 1 and θ = −1 eigenspaces, and let t R = Lie(T ad R ) ⊂ k R be a compact maximal torus inside k R . This yields a partition of the roots of t = t R ⊗ C in m C into compact (contained in k) and non-compact (contained in p) roots. Definition 1.1.4 (compare Proposition IV.B.3 of [GGK12] ). With this fixed Cartan involution θ, and choice of a θ-stable compact maximal torus T ad R , the polarizable congruence classes in X • (T ad ) consist of those co-characters µ ('θ-polarizable') such that µ, α is even for all compact roots α; µ, β is odd for all non-compact roots β.
Remark 1.1.5.
(1) The authors of [GGK12] consider instead the co-characters l :
that satisfy the related congruences l, α ≡ 0 (mod 4) for all compact roots α; l, β ≡ 2 (mod 4) for all non-compact roots β.
When such an l is extended (by declaring it trivial on G m,R ) to a homomorphism h : S → M ad R , what we denote by µ is simply the associated Hodge co-character, and is easily checked to equal
This property does not depend on the choice of the θ-fixed compact torus T ad R containing the image of l: that is, given a µ whose corresponding l :
θ=1 -conjugacy of the two tori implies θ-polarizability of l is independent of whether we decompose m C with respect to T ad or S ad . Note too that if µ is polarizable with respect to θ, then for all x ∈ M ad (R), Ad(x)µ is polarizable with respect to Ad(x)θ.
to check the above congruences on just the simple (for some choice of dominant Weyl chamber) compact and non-compact roots. The full preimage in X • (T ad ) of some subset of
Note that w is not 'part of the data'-it could be replaced by some non-zero power, for instance. What is canonical is the subgroup w(G m,Q ). 4 Note that there is a canonical bijection between homomorphisms from S 1 to the compact torus T ad R and cocharacters G m,C → T ad of the complexified torus
The theorem we will now state contains (and generalizes to the reductive case) the main results on Hodge representations in §IV.B and §IV.E of [GGK12] . The argument is also much simpler: essentially, we avoid that paper's ('main theorem on Hodge representations') Theorem IV.B.6 (and its intricate sub-result IV.E.4) by proving, directly and more generally, its Corollary IV.B.8; this latter point follows from the observations in §2 of [Del72] . is the M-T group of a CM Hodge-structure. Also note that it is possible for some, but not all, members of the polarizable congruence classes to lift to M C .
Explaining the theorem.
In this subsection we will give a few examples and corollaries of Theorem 1.1.6. First we re-package the statement that some member of the polarizable congruence classes in X • (T ad ) lifts to M C . Let T denote the pre-image of T ad in M C , so that we have an exact sequence of groups of multiplicative type:
Taking character groups and applying Hom(·, Z), we get an exact sequence of abelian groups:
only if its image under the boundary map, or, equivalently, its image in
, is zero. We conclude: Corollary 1.2.1. The condition that some member of the polarizable congruence classes of X • (T ad ) lift to M C amounts to asking that for one of its elements µ, the image of µ in
is a torus!-then there is no lifting obstruction, so that M is a M-T group provided Z
0 M is a quotient of S.
This yields the desired application to (the polarized Hodge-theoretic version of) Serre's question: We next want to clarify the relationship between our results and those of [GGK12] . The important notational difference is that what they call a 'Mumford-Tate group' (throughout Chapter IV of their monograph) is what is often called the Hodge group. Thus SL 2 is a Mumford-Tate group in their sense, but not in ours; in their language, this is reflected in the statement that 'the only faithful Hodge representations of SL 2 are of odd weight.' In general, their problem of deciding whether one has faithful Hodge representations of even or odd weight is just the question of whether elements of the polarizable congruence classes lift to the group M ′ (even weight) or require a copy of G m,Q inside M in order to lift. In our language, to say whether M (now assumed semi-simple) is a Hodge group we just replace the lifting criterion for elements µ of the polarizable congruence classes with the corresponding lifting criterion for l = 2µ; in particular, this recovers the main Theorem IV.B.6 of [GGK12] . 6 We will not dwell further on this bookkeeping. Now we give an example to show how to determine liftability of co-characters µ ∈ X • (T ad ). This is in all cases an easy root/weight calculation, which is carried out for absolutely simple Q-groups in [GGK12, IV.E]; note that the lifting criterion in Theorem 1.1.6 only depends on the underlying real group M R , so we can ignore the Q-structure and perform the same sorts of root/weight calculations in general.
Example 1.2.3. We work out the relatively interesting example of even orthogonal groups, i.e. the various real forms of m C = so 2n (C). In (usual) coordinates, we can write
, and for simple roots we take
The classification of (absolutely) simple real Lie algebras (see [Kna02, §VI.10]) implies that any real form of so 2n (C) associated to a Vogan diagram ([Kna02, VI.8]) with trivial θ-action is given by a Vogan diagram in which the simple roots appear ordered as we have just ordered them, and with exactly one painted (i.e., non-compact) simple root: for 1 ≤ p ≤ n − 2 = p + q − 2, painting α p gives the form so(2p, 2q); painting either α p+q−1 or α p+q , we obtain the real form so * (2p + 2q).
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That is, the condition on the center ofH appearing in Theorem 1.1.6 is needed only to ensure that the full group H is a M-T group; we do not need that here. 6 Doubling our (mod 2) condition gives their (mod 4) condition; note that this makes it easier to lift, because, for instance, X
• (Z M,C ) must now have four-torsion-not merely two-torsion-for there to be a lifting obstruction.
Assume q ≥ 2, so we are in the so(2p, 2q) case. Writing µ = a i λ i with all a i ∈ 1 2 Z and congruent mod Z, the condition to lie in the polarizable congruence classes is that all a i be integers with
In conclusion, all members of the polarizable congruence classes lift to SO(2p, 2q), 7 and some member lifts to Spin(2p, 2q) precisely when either p or q is even. For the compact form so(2n), some member of the polarizable congruence classes will lift to Spin(2n); all members do precisely when n is even. We stress, however, that in all cases the Hodge structures arising from any member of the polarizable congruence classes will lift to the appropriate form of GSpin 2n (C), since they lift to SO(2p, 2q) and the kernel of GSpin(2p, 2q) → SO(2p, 2q) is G m,R .
When the painted root is either α n−1 or α n -we may assume it is α n -then we find a 1 ≡ . . . ≡ a n (mod 2) and a n−1 + a n ≡ 1 (mod 2). This forces the a i all to lie in 1 2 + Z, so there is no lift to SO * (2n). When n is odd there is no other lifting possibility, while for n even there are two other double covers of SO * (2n)/ ± 1 to which one might lift. In the case where the Vogan diagram has a non-trivial θ-orbit (consisting of α n−1 and α n ), it is likewise known that any form is represented by a diagram with α p (1 ≤ p ≤ n − 2 = p + q − 2) painted, corresponding to so(2p + 1, 2q − 1), or with no simple root painted, corresponding to so(1, 2n − 1). The same analysis as above would characterize when the polarizable conjugacy classes lift to Spin 2n (C), but SO(2p + 1, 2q − 1) does not have a compact maximal torus, so no M-T group can have real Lie algebra so(2p + 1, 2q − 1).
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To give a geometric example, let X/C be a projective K3 surface. H 2 (X, Q)(1) is a polarizable Hodge structure with M-T group M embedded in a Q-form of SO 22 (C) whose real points are SO(3, 19); note that M R cannot equal the full SO(3, 19), by the previous paragraph-this reflects the existence of an ample line bundle (when X is projective), which forces M R to embed into (and generically be equal to) SO(2, 19). Since h 2,0 (X) = 1, the Hodge co-character is in this case µ = λ 1 (which is indeed in the polarizable congruence class); it does not lift to Spin 22 (C) (or Spin 21 (C)), but it does to GSpin 22 (C) (or GSpin 21 (C)), and normalizing the lift to weight one, we obtain (via the action of GSpin on the Clifford algebra) the Kuga-Satake abelian variety associated to X.
In contrast to the projective case, we have:
.4. Let X be a sufficiently generic non-projective K3 surface; then the M-T group M of the (non-polarizable!) Hodge structure H 2 (X, Q)(1) will satisfy M R = SO(3, 19). Moreover, if X satisfies Pic(X) = 0 and End
Proof. For the first claim, consider the holomorphically-varying family of Hodge structures over the entire K3 period domain. 10 The generic Mumford-Tate group (see the proof of Proposition 1.3.3) is a normal subgroup of the Q-simple group SO(Λ Q ), hence they are equal. 7 More precisely, the co-characters lift to SO 2n (C); the Hodge structures h : S → SO(2p, 2q)/ ± 1 lift to SO(2p, 2q). 8 This important point is missed in [GGK12, IV.E]. 9 Assuming Pic(X) = 0, the transcendental 'lattice' (except we work rationally) T (X), defined to be the smallest QHodge sub-structure T ⊂ H 2 (X, Q)(1) such that T C ⊃ H 2,0 (X)(1), is equal to all of H 2 (X), i.e. H 2 (X) is an irreducible Q-Hodge structure. Since h 2,0 = 1, End M (H 2 (X)) is isomorphic to a subfield of C. 10 I.e., letting Λ denote the K3 lattice, the period domain is D = {x ∈ P(Λ C ) :
For the second claim, recall the theorem of Zarhin ([Zar83, 2.2.1,2.3.1]) that describes the M-T group of an irreducible polarizable Hodge structure T of K3-type, showing it is determined by the field E = End MT T (T ). In the non-polarizable case, we cannot deduce that E is totally real or CM, so Zarhin's general result breaks down. But when E = Q, one can check that the argument of [Zar83, §2.5] goes through unhindered. We omit the details.
We conclude with an example illustrating the condition on the center of a M-T group. Having a polarization implies (see [Moo99, 1.23]) that Z M ′ embeds in a product of groups of the form U F , where F is a CM or totally real field, and U F is the multiplicative Q-group with Q-points {x ∈ F × : xx = 1}. The condition that S surject onto Z 0 M is stronger, as seen from the following standard description of X
• (S) ([Ser94, 7.3]): letting Q cm denote the maximal CM extension of Q, with complex conjugation c, X
• (S) is
The Gal(Q/Q)-action (factoring through Gal(Q cm /Q)) is (t · f )(s) = f (st). So, for example, letting F/Q be any quadratic imaginary extension,
is isomorphic to a free Z-module of rank 1 on which Gal(Q/F) acts trivially, and on which c acts by −1. Under any embedding X
• (U F ) ֒→ X • (S), a generator must map to a function f factoring through Gal(F/Q) and satisfying f (c) = − f (1); up to scaling, there is only one such f . One can generate many such examples, using the fact that X
• (S) is contained in the 'regular representation' of Gal(Q cm /Q) (so at least after tensoring with Q, multiplicities of irreducible constituents are bounded by their ranks). 12 To deduce the existence of a polarizing pairing on the Q-vector space V, we note that ([Del72, Lemme 2.10]), starting from the rational vector space P Q of (−1) n -symmetric, M ′ -invariant, bilinear forms, the space ofh(ı)-polarizations in P R is open and non-empty, hence contains rational points.
Having shown (2), we note that M has a faithful family of homogeneous, hence polarizable, representations because any irreducible (over Q) representation M → GL(V) must be homogeneous:
is a division algebra D over Q, and any homomorphism G m,Q → D × factors through a maximal torus, necessarily of the form F × for some maximal commutative subfield F ⊂ D, and hence must be of the form Q
The initial case in which M is a Q-simple adjoint group (so the hypotheses in Theorem 1.1.6 are trivially satisfied) was established in [GGK12] :
of [GGK12]). A Q-simple adjoint group M is a Mumford-Tate group if and only if M R contains a compact maximal torus.
Remark 1.3.4. The theorem is in fact misstated in [GGK12] : the authors claim M is a M-T group if and only if M (over Q) contains an anisotropic maximal torus, asserting that this is equivalent to M R having a compact maximal torus. This is false: let M = SL 3 /Q (or for the adjoint case PGL 3 ), and choose a totally real cubic extension F/Q. Then we get an embedding of the (two-dimensional, so maximal) norm-one torus Res 1 F/Q G m ֒→ SL 3 /Q; thus SL 3 /Q contains an anisotropic maximal torus, but it is not a Mumford-Tate group, nor does SL 3 (R) contain a compact maximal torus.
Proof. We review the proof, recasting slightly the argument in [GGK12, IV.A.9, IV.B.3, IV.E.1]. We need only treat the 'if' direction, so assume that M R contains a compact maximal torus T R . Take a maximal compact subgroup of M R containing T R , and let m R = k R ⊕ p R be the associated Cartan decomposition. Then h : S → M R will yield an Ad(h(ı))-polarizable Hodge structure on m if Ad h(ı) is a Cartan involution of M R (or m R ). In particular, if we define h as the weight-zero extension of a co-character l : S 1 → T R satisfying l, α ≡ 0 (mod 4) for all compact roots α; l, β ≡ 2 (mod 4) for all non-compact roots β, then Ad h(ı), which acts as ı l,γ on the γ root space, is trivial on the compact root spaces and is −1 on the non-compact root spaces. Thus Ad h(ı) is a Cartan involution.
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Next we must check that we can arrange that M be the full M-T group. Choose any non-trivial h as in the previous part of the proof (i.e. associated to a non-zero element of the polarizable congruence classes), and let M 1 ⊂ M be the smallest algebraic subgroup (over Q 
, Lie(h j )(x)) would be the graph of an isomorphism m 1 ∼ − → m 1 , so that for some automorphism α of m 1 , α • Lie(h i ) = Lie(h j ). By construction of the h k , we have avoided this possibility, so the proof is complete. Remark 1.3.6. The above argument in the semi-simple case is rather more refined than it needs to be. Suppose M is Q-simple adjoint, with a maximal compact torus T R inside M R ; the argument of Proposition 1.3.3 shows that for any non-trivial co-character l : S 1 → T R satisfying the congruences appearing in that proof, we can find after conjugating (so replacing T R with some conjugate torus in M R ) an h : S → M R for which M is the M-T group of the induced (polarizable) Hodge structure on m R . In particular, we can do this for infinitely many distinct co-characters l satisfying the necessary congruences, say giving rise to Hodge structures h i : S → M R . 17 The result is different Hodge structures Ad(h i ) on m, from which it follows easily by the above Goursat argument that
Finally, we complete the proof of Theorem 1. i=1 m 1 , which must be the whole thing since it surjects onto each im(π i ), 1 ≤ i ≤ n 1 − 1.
17
These h i may land in different compact maximal tori of M R , but when we conjugate them into a common torus T R they correspond to different elements of X • (T ). 18 That is, take l = 2µ : S 1 → T ad R and, working separately with each Q-simple factor, take suitable M ad R -conjugates as in the proof of Corollary 1.3.5. so for some integer N we have inclusions of Z[Gal(Q/Q)]-modules: ), we obtain a surjection γ : S ։ Z ′ . Twistingh by γ, we obtain the desired surjectionh ⊗ γ : H ։ M.
